Later in [14] the second moment M 2 (N) (and the corresponding centered moment) was investigated in detail and the following exact formula was proved by Delange . This formula can already be found in [4] and Coquet could also establish similar formulae for higher moments but without proving the continuity of the remainder terms .
By the same approach such exact formulae can be proved for arbitrary q-ary number systems . 
n<N
In Section 2 we use Delange's approach to compute the third moment in the binary number system, the q-ary case can be settled by similar but more elaborate computations . In Section 3
we sketch this approach in the case of higher moments' . In the final Section 4 we present an exposition of a purely analytic approach using Mellin transform . In [7] this approach was applied to establish exact and asymptotical formulae in various cases of digital sums . By this 'While finishing the present paper, the authors became aware of a manuscript due to J .-M . Dumont and A .
Thomas where the corresponding result is proved for digital systems generated by substitution automata . This more general result is proved by difficult and less elementary methods .
method we get automatically the mean and the Fourier-coefficients of the periodic functions . In detail we apply this method to the expectation (first moment) of the q-ary sum-of-digits function . In the case of higher moments some analytic problems remain to be solved .
.DELANGE'S APPROACH : THE THIRD MOMENT
In order to compute the third moment M3 of the binary sum-of-digits function we introduce the following notation :
Thus we have
where the summation is extended over all k-tuples (j 1 , . . ., jk) of non negative integers < L = L1og 2 Nj . Denoting the integral for k = 3 by 13 we obtain Now we compute the remaining integral
Notice that the first two parts of this equality follow from the fact that gj (t) is piecewise constant and g j (t) 2 = 4.
For the last summation we obtain
where g(u) = L2u J -2Luj -2. Now transform the index of summation as follows : P.J . GRABNER, P . KIRSCHENHOFER, H . PRODINGER AND R.F. TICHY j : = j3, d1 : = j3 -i1 , d2 : = j3 -j2 . Thus we obtain N _ E 2j + 1 ~ 23+1 g(2dl u)9( 2d2 u)9(u)du . 0<jl <j 2 <j 3 <L j=o 1<dl<d2<j 0
Notice that the inner summation can be extended to infinity without changing the value and set k = L -j . Hence
where h 3 is the periodic function defined by
We observe that the integrals occurring in (2.2) are integrals over distinct Rademacher functions; hence h3 (1) = h 3(2) = 0 . Thus setting
we obtain a continuous and 1-periodic function with 0(0) _ 1(1) = 0 . Therefore we have Remark : Obviously this result can be extended to q-ary representations . However, the computations are much more involved .
In the following we sketch the computation of the s-th moments M 3 of the binary sumof-digits function :
Adopting analogous notations as in the previous section we start from
In the following we evaluate the integral I k appearing in the last expression . To this end we observe that g 3 (t) = 4, so that it is meaningful to group together multiple occurrences of g's with the same index j and to distinguish odd and even and even frequencies since gj n (t) = 2 2n, while 97n+1 ( t ) = 2 z n g j (t) .
The above described grouping of g's with the same index induces a set partition of the subindex set {1, . . ., k}, where we have to count separately the numbers p resp . r of blocks of odd resp. even cardinality . Let us denote by where ni(x) are continuous periodic functions of period 1 that can be expressed explicitly as described before .
Remarks : '1) the numbers S(k ; p, r) do not seem to have been studied in the literature . However similar numbers satisfying interesting recurring relations occur already in [4] . Of course the numbers S(k ; p, r) are related to the classical Stirling numbers of the second kind [19] via E S(k ; p, r) = S(k, j) .
P+r=j
The trivariate generating function of the S(k ; p, r) is easily obtained via the operator method for combinatorial constructions as described systematically in [10] : k S(k ; p, r)xpyrk~= exp (x sinhz + y(cosh z -1)) .
2) From Theorem 2 it is not difficult to compute expressions for the higher centralized moments .
MELLIN PERRON APPROACH: AN EXPOSITION
As announced in the introduction we present an analytic method to compute digital sums. The method makes use of the so called Mellin Perron summation formula :
This formula is well known in analytic number theory and can be proved by an application of Mellin transform (cf. [1] , [6] , [7] ) . We demonstrate the use of this method in the case of the expectation of the q-ary sum-of-digits function . and taking residues into account we get S(n) = 2nlog g n + nF 0 (log gn) -nR(n), (4 .3) where the remainder term is
so that there only remains to prove that R(n) = 0 when n is an integer . The integral converges since ((-4 + it) I « I t 4 (cf. [22] ) .
Using the expansion q' -1 -q + (q -1) (q' + q 2 ' + q 3e . . .) in (4.4) which is legitimate since now R(s) < 0, we find that R(n) is a sum of terms of the form 
